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Recent advances in navigation and data communication technologies make it feasible for individual aircraft
to plan and fly their trajectories in the presence of other aircraft in the airspace. This way, each aircraft can
take advantage of the atmospheric and traffic conditions to optimally plan its path. This capability is termed the
free-flight concept. Whereas the free-flight concept provides new degrees of freedom to the aircraft operators,
it also brings in complexities not present in the current air traffic control system. In this concept, each aircraft
has the responsibility for navigating around other aircraft in the airspace. Although this is not a difficult task
under low-speed, low-traffic-density conditions, the complexities of dealing with potential conflicts with multiple
aircraft in other flight conditions can significantly increase the pilot’s work load. The development of conflict
resolution algorithms is presented based on trajectory optimization methods that will the enable the practical
implementation of the free-flight concept. These algorithms use nonlinear point-mass aircraft models and include
realistic operational constraints on individual aircraft. Several conflict resolution scenarios are illustrated. The
present analytical framework can also incorporate information about ambient atmospheric conditions. These
conflict resolution algorithms are suitable for implementation onboard aircraft.

I. Introduction

ECENT advances in global positioning system-based navi-
gation techniques and satellite data communication technol-
ogy have motivated the Federal Aviation Administration (FAA) and
commercial air traffic carriers to consider the free-flight conceptas
a major component of the future air traffic control system.? Free
flight is defined as safe and efficient flight operations under instru-
ment flight rules in which the operators have the freedom to select
their path and speed in real time. Thus, individual aircraft will be
able to plan and execute their trajectories without direction from any
external agents during most of their flight duration. The ability of
individual aircraft to plan their trajectories can result in substantial
improvementsin operationalefficiency because the aircraftcan take
advantage of atmospheric and traffic conditions to minimize delays
and fuel consumption. This approach can also lead to optimal coor-
dinationbetween aircraftinvolved in hub/spoke modes of operation
currently employed by most major air carriers. However, because
differentaircraftin a given airspace may have conflicting objectives,
the trajectories synthesized by individual aircraft can generate con-
flicts with other aircraft trajectories. Successful implementation of
the free-flight concept will require the development of systematic
methods for multiaircraft conflict resolution. Whereas conflict res-
olution strategies are obvious under low-speed, low-traffic-density
conditions, the problem can become complex as the traffic density
and the aircraftspeedsincrease. This fact has motivated a number of
recentstudies on various aspects of the free-flight conflict resolution
problem 312
In Ref. 7, optimal control theory was used to maximize the range
at the point of closest approach and dynamic programming was
used to obtain solutions. The authors examined conflict resolution
between two aircraft and considered heading and speed changes
separately. They developed a set of charts, which could be used to
determine rules of the road for an arbitrary initial condition. Ref-
erence 3 evaluated altitude changes, speed changes, and heading
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changes separately to determine the effectivenessand warning time
necessary for each type of maneuver. Only two aircraft were in-
volved in each case.

A genetic algorithm was used to resolve multiple-aircraft con-
flicts in Ref. 10. Predefined maneuvers were used to construct the
new trajectories. The study focused on minimizing delays, maneu-
ver durations, and the number of maneuvers in two dimensions.
The approach in Ref. 10 requires simulating the aircraft trajecto-
ries, but the aircraft models were not discussed, and it does not
appear that constraints such as load factor or fuel consumption
were included. Although the authors'® claimed to have achieved
globally optimal solutions through the use of genetic algorithms,
they did not provide any proof that a global minimum was indeed
achieved.

A self-organizationalapproachto the conflict resolution problem
was advanced in Ref. 11. In that work, each aircraft is assumed to
behave like a positively charged particle, and the destinations are
assumed to be negatively charged. Separation between aircraft is
primarily facilitated by the repulsionbetween like charges assumed
to be carried by individual aircraft. Speeds were assumed constant,
and only two-dimensional conflict resolution scenarios were con-
sidered. No attempt was made to model the dynamics of the aircraft
or to incorporate practical constraints such as load factor limits or
fuel consumption. The idea of potential and vortex fields used in
robot collision avoidance forms the basis for the work reported in
Ref. 12. Two-aircraftconflicts are handled as a combinationof over-
take and head-on maneuvers. Multiple-aircraftconflicts are handled
with a round-about maneuver. Again, results are given for conflict
resolution in two dimensions. In this formulation, individual field
strengths are adjustment parameters. Note that the approach cannot
be considered as optimal in any sense.

The focus of the research effort described in this paper is on the
development of systematic methods for multiple-aircraft conflict
resolution. Conflict resolution algorithms employed in the present
air traffic management automation tools are largely rule based
and are designed to operate under the existing air traffic control
procedures.*~17 Whereas these methods are adequate for resolv-
ing simultaneous conflicts between aircraft following standard jet
routes, it is not clear how these methods can be generalized to han-
dle multiple-aircraft conflicts that can arise in the free-flight en-
vironment. The emphasis of the research reported in the present
paper is on formulating and solving the conflict resolution prob-
lem as a trajectory optimization problem. As with other aerospace
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guidance problems, application of optimal control theory'® and dif-
ferential game theory'® will result in more systematic methodolo-
gies for the solution of the conflict resolution problem. This has
been demonstrated in several recent aerospace trajectory synthe-
sis problems 2°=24 Unlike rule-based conflict resolutionapproaches,
one of the advantages of the formalism presented here is that the
algorithms are independent of the conflict resolution geometry.
Present research builds on a previous research effort>> on the con-
flict resolution problem.

Conflict resolution methodologies developed in the present re-
search assume that the nominal trajectory of each aircraft trajec-
tory involved in a potential conflict is given by a sequence of
four-dimensional (three position coordinates and time) waypoints.
Nominal waypoint sequences are adjusted by the conflict resolu-
tion algorithm to synthesize conflict-free trajectories that optimize
desired performanceindices. The conflict resolution problem is for-
mulated both as a single-objective optimization problem and as a
multiple-objective optimization problem.?*?” Interaircraft conflict
is defined through a conflict envelope in the form of an oblate
spheroid. The trajectory optimization formulation uses nonlinear
point-mass models of aircraft with realistic aerodynamic and en-
gine models 2% Two differentcost functionsare used in this study:
a linear combination of total flight time and fuel consumption and
an integral square of the perturbationfrom nominal trajectories. Ve-
hicle models, constraints, and trajectory parameterization schemes
are discussed in Sec. II.

Iterative numerical methods and a semianalytical guidance law
are developed based on trajectory optimization theory.'® Iterative
methods that formulate the conflict resolution problem as a single-
objective optimization problem and as a multiple-objective opti-
mization problemare givenin Sec. III. Semianalytical guidance law
development using the neighboring extremal theory is presented in
Sec. IV. Several conflict resolution scenarios are given in Secs. 111
and IV to illustrate the performance of these algorithms. In every
case, it is shown that the present methods produce useful conflict
resolution strategies. Furthermore, the results show that the conflict
resolutionalgorithms developed are general enough to handle every
type of conflict that can occur in the free-flight air transportationen-
vironment. Conclusions from the present research effort and future
research directions are given in Sec. V.

II. Aircraft, Trajectory, and Conflict
Envelope Models

Three major components of the conflict resolution problems an-
alyzed in the present research are the aircraft models, trajectory
parameterization schemes, and conflict envelope definitions. Effi-
ciency of the conflict resolutionalgorithms can be greatly enhanced
by using appropriate aircraft models and trajectory parameteriza-
tionschemes. The computationalefficiency of implementing aircraft
operational constraints can be improved by employing appropriate
transformations on the aircraft models. Careful definition of the in-
teraircraft conflict envelopes can further improve the conditioning
of the conflict resolution problem. Each of these issues is discussed
in the following subsections.

A. Aircraft Models

Point-mass aircraft models are used in the present research. The
point-mass aircraft model captures most of the dynamical effects
encountered in civil aviation aircraft. These models are popular in
aircraft performance work and are used in practically every air-
craft trajectory optimization problem discussed in the literature.
The point-mass equations of motion are formulated with respect
to a coordinate system shown in Fig. 1.

The point-mass model assumes that the aircraft thrustis directed
along the velocity vector and that the aircraft always performs co-
ordinated maneuvers. It further assumes a flat, nonrotating Earth.
These assumptions are reasonable for civil aviation aircraft operat-
ing within arange of 200 nauticalmiles. Since the conflict resolution
generallyoccurs within this range, the fidelity provided by the point-
mass model is adequate for formulating these problems. Note that
itis feasible to develop point-mass models valid for spherical Earth
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Fig.1 Aircraft coordinate system.

approximations also. The point-mass model equations describing
aircraft flight are
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withi =1, 2, ..., n being the aircraft under consideration. In these

equations, V; is the ground speed and is assumed to be equal to
airspeed. 7; is the aircraft engine thrust, D; is the drag, m; is the
aircraftmass, g is the accelerationdue to gravity, y; is the flight-path
angle, L; is the vehicle lift, ¢; is the bank angle, x; is the aircraft
heading angle, x; is the down-range displacement, y; is the cross-
range displacement, /; is the altitude, and Q; is the fuel flow rate.
The fuel flow rate depends on the altitude, Mach number, and the
engine thrust. The aircraftdragis given in terms of the zero-liftdrag
coefficient and induced drag coefficient. Both of these are specified
as functions of Mach number and the aircraft configuration set-
tings such as the deploymentof flaps, speed brakes, and the landing
gear. For the present research, it is assumed that the aircraft is in
the cruise flight configuration. The control variables in the aircraft
model are the load factor n;, controlled using the elevator; the bank
angle ¢;, controlledusing a combination of rudderand ailerons; and
the engine thrust 7;, controlled using the throttle. Throughout the
conflict resolution process, the control variables will be constrained
to remain within specified limits.

For analytical convenience, the kinematic equations describing
the aircraft position can be differentiated once with respect to time,
and the remaining dynamic equations can be used to cast the point-
mass aircraft model in an alternate form as

i=U, 5 = Us, h = U, @)

where U;, U,, and U; are the three new control variables in the
point-mass model. The relationshipbetween these control variables
and the actual control variablesis given by the expressions™

i U, cos x — U, sin x
¢ = tan - - (5)
cosy(Us +g) —siny (U, cos x + U, sinx)

cosy(Us + g) — siny (U, cos x + U, sinx)
n =
gcoso

(6)

T =[siny(Us+g)+ cosy(U,cosx + Uysinyx)lm+D (7)
The heading angle x and the flight-path angle y are computed as

tan y = /%, siny =h/V ®)
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This latter form of aircraft point-mass model is useful for map-
ping geometric trajectory parameters in terms of the aircraft control
variables and vice versa. Thus, constraints on the aircraft control
variables can be readily transformed into constraints on the trajec-
tory curvature. Such mappings simplify the computations and are
useful for efficient implementation of control constraints.

B. Trajectory Parameterization

Trajectory parameterizationmethods allow the descriptionof in-
dividual aircraft trajectories using a small number of parameters.
In addition to providing a compact description of the trajectories,
trajectory parameterization methods permit the solution of the tra-
jectory optimization problems as parameter optimization problems.
Parameterized aircraft trajectories are described using a set of four-
dimensional waypoints, consisting of three position components
and time, together with the specification of the type of curves join-
ing them. A piecewise linear trajectory parameterization is highly
efficient from a computational standpoint. However, the piecewise
linear trajectory parameterizationimplies abrupt changesin aircraft
control variablesat the waypoints. Because such abrupt control vari-
ations are not desirable, smooth trajectory segments will need to be
introducedin the vicinity of the waypoints to ensure practicalimple-
mentability. Note that these trajectory segments can introduce un-
certainties in the aircraft position near the waypoints. It is assumed
that these smooth trajectory segments can be introduced without
adversely affecting the conflict resolution solutions.

As an aside, the cubic spline parameterization produces smooth
trajectories as well as smooth control settings. However, it requires
more computation time and tends to introduce anomalies in the
path by virtue of its fitting a fixed-order, smooth curve through a
given set of points. Because of these factors, although a few cubic
spline parameterizationcases were studied during this research, the
emphasis of the present paper is on the use of a piecewise-linear
trajectory parameterization.

C. Conflict Envelope Definition

According to the currently accepted definition,'* a conflict is said
to occur if the altitude difference between an aircraft pair occupying
the same down-rangeand cross-rangecoordinatesis less than 2000 ft
or if the two aircraft are closer than 5 n mile while flying at the
same altitude. It is convenient to conceptualize these requirements
by imagining that each aircraft is centered inside a hypothetical
conflict box with dimensions of 10-n mile length and breadth, with
4000 ft thickness. Any other aircraft entering this hypothetical box
can be considered as causing a conflict.

Although this definition of a conflict is simple to conceptualize,
it can cause severe numerical difficulties due to the corners present
in such a conflict envelope. For instance, in certain kinematic con-
flict configurations, small motions of the aircraft can cause a large
change in the conflict status. Such large changes can cause numeri-
cal instabilities in the conflict resolution algorithm. Alternate defi-
nitions can be developed to enforce the aircraft separationconstraint
without introducing such numerical discontinuities.Possibilities in-
clude quadratic surfaces’! and superquadricsurfaces.’?33 An oblate
spheroidal conflict envelope is an example of a quadratic surface.
The oblate spheroidal conflict envelope has an elliptical cross sec-
tionin the vertical plane and a circularcross-sectionin the horizontal
plane. To approximate the FAA definition of the conflict envelope,
the semimajoraxis of the elliptical cross sectioncan be chosenas 5 n
mile, and the semiminor axis can be set at 2000 ft. The interaircraft
distance is the distance from an aircraft’s c.g. to another aircraft’s
conflictenvelope. Using this geometry, the distancer; ; betweenany
two aircrafti and j can be defined using the expression

a’b? (Axfj + Ay} + Ahfj)

a’Ah? ; + b? (Axfj + Ayfj)
i#j )

where a is the conflict envelope semimajor axis, b is the semiminor

axis, and Ax; ;, Ay; ;, and Ah; ; are the components of the relative
position vector between any two aircrafti and j. It can be verified

r :\/Axf.-l—Ayfj + AR, -

J

that,if a = b, the conflict envelope degeneratesinto a sphere. A con-
flict can be defined as a situation in which any of the interaircraft
distancesr; ; falls below zero. Note that if n aircraft are involvedin
an air traffic control situation, a maximum of n(n — 1) /2 conflicts
can simultaneously arise. The resulting interaircraft distances can
be represented as a symmetric matrix with zeros along the diag-
onal. Any conflict resolution methodology must ensure that all of
the off-diagonalelements of the interaircraftdistance matrix remain
above zero at all times. A further refinement of the interaircraftcon-
flict definition is to introduce a matrix norm in the formulation. The
Frobenius norm or the matrix 2-norm** is a candidate measure that
can be used to express the interaircraftconflict in a compact form.
These more advanced formulations will be pursued during future
research.

III. Direct Iterative Methods
for Conflict Resolution

The conflict resolution process consists of modifying the aircraft
nominal airspeed, altitude, and down-range and cross range tra-
jectory components to ensure that every aircraft stays out of the
every other aircraft’s conflict envelope while executing their flight
plans. These trajectory perturbations must not significantly change
the arrival times at the specified terminal point and should notresult
in excessive maneuvering. Moreover, conflict resolution trajectory
changes should be such that they do not lead to future conflicts. In
some cases, it may be desirable to include fuel conservative mea-
sures in the conflict resolution performance objectives. Because the
atmospheric perturbations and piloting techniques introduce uncer-
tainties in the aircraft trajectories, the trajectory synthesis should be
such thatthe worst-case perturbationsin each aircraft trajectory still
preserves the integrity of the conflict resolution process.

From the foregoing requirements, it can be observed that the
conflict resolution problem can be formulated as a multiparticipant
trajectory optimization problem. This problem can be castin several
differentforms by assigningrolestoindividualaircraft. For instance,
it can be treated as a single objective trajectory optimization prob-
lem in which every aircraft performs conflict resolution maneuvers
that optimize a defined performance index. Alternatively, the con-
flict resolution problem can be cast as a series of one-sided optimal
control problems by considering a pair of aircraft at a time, with
one aircraft operating along the nominal trajectory and the other
aircraft making the necessary trajectory adjustments required for
conflict resolution. Finally, it can be treated as a multiobjective op-
timizationproblemin which each participantmakes the leastamount
of trajectory deviations necessary for maintaining the interaircraft
distance above a minimum specified value while simultaneously op-
timizing its performance criterion. Such approaches to the conflict
resolution problem can be consideredas a cooperativeconflict reso-
lution approach. Other variations of the conflict resolution problem
formulation are presented in Sec. I'V.

All of these approaches require the definition of performance
indices that reflect the operational requirements of the conflict res-
olution problem. Performance indices considered in the present re-
search are linear combinations of flight time and fuel and integral
square of the deviations from the nominal flight paths. The con-
straints in the problem include the minimum permissible interair-
craft separation and aircraft performance limits. Additionally, air-
crafttrajectoriesmay be requiredto passthrougha series of metering
waypoints, as is required in the current air traffic control environ-
ment. The resulting problem is a state-constrained optimal control
problem'®!? that can be approached using well-developed mathe-
matical techniques.

The necessary conditions for the optimality of state-constrained
optimal control problems can result in multipoint boundary-value
problems.!® There are two major families of techniques useful for
solving these problems. First, the conflict resolution problem can
be convertedinto a parameter optimization problem by parameteriz-
ing the trajectories. Trajectory parameterizationmethods described
in the Sec. II are useful for this purpose. The resulting optimiza-
tion methods are commonly known as direct methods. The second
family of solution approaches consists of satisfying the necessary
conditions for optimality by iteratively solving simplified versions
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of the multipoint boundary-value problem. This latter family of
approaches is termed as indirect methods in the literature. Indi-
rect methods are especially suitable for the derivation of feedback
guidance laws. Solutions to the conflict resolution problem via tra-
jectory parameterization will be discussed in this section. Conflict
resolution guidance law derivation using indirect methods will be
consideredin Sec. I'V.

Two versions of the direct conflict resolution technique are dis-
cussedin the following subsections.In Sec. II1. A, the conflict resolu-
tion problem s formulated as a single-objectiveoptimization prob-
lem. The sequential quadratic programming (SQP) method™ is used
to solve the resulting optimization problem. The conflict resolution
problem is formulated and solved as a multiobjective optimization
problem in Sec. III.B. The goal attainment method®®’ is used to
obtain the solutions to the multiobjective optimization problem.

The computational techniques are discussed in Secs. III.A and
I11.B, followed by a discussion of the numerical resultsin Sec. III.C.
Solutions are obtained for conflict situations involving two, three,
four, and six aircraft. All of the conflict resolution solutions are
obtained using piecewise-linear trajectory parameterization. Com-
parisons between the single-objective conflict resolution solutions
and multiobjective solutions are also given in Sec. III.C.

A. Conflict Resolution as a Single Objective
Optimization Problem

Starting from a set of nominal waypoint sequences, the objective
is to synthesize trajectories that resolve conflicts while optimizing
the performance index. The performance index is the sum of the
integral deviations of each aircraft from its nominal trajectory. In-
equality constraintsare includedforinteraircraftdistance, maximum
and minimum airspeed, maximum climb and descent rates, maxi-
mum and minimum altitudes, maximum roll angle, maximum and
minimum load factors, and maximum and minimum thrust mag-
nitudes. The nominal trajectories of each aircraft are specified in
terms of a set of waypoints (x, y, &, t). The present formulation
of the trajectory optimization problem allows the waypoints to be
constrained in any desired manner. Physical characteristics of each
aircraft such as mass, drag coefficient, and fuel consumption rate
also are included in the study. Another criterion used was the sum
of individualaircraft flight times and fuel consumptions, but results
are not included for this case.

The algebraic transformations that relate thrust, load factor, and
roll angle to the acceleration components discussed in Sec. II are
includedin the formulation so as to permit the imposition of aircraft
performance constraints without including the aircraft equations of
motion. Trajectories are parameterized using the piecewise-linear
parameterization scheme discussed in Sec. II. The optimization al-
gorithm adjusts the trajectory parameters to resolve any existing
conflicts while minimizing cost and meeting the aircraft perfor-
mance constraints. The optimization problem is currently set up to
accommodate a maximum of 10 aircraft, although this can easily be
increased if necessary.

Optimal trajectories are computed using the SQP method. The
SQP method has been found highly effective in solving a wide va-
riety of constrained nonlinear programming problems.>> The SQP
method solves optimization problems of the form

minimize f (x)
(10)
subjectto g(x) <0

by approximatingthe performanceindex f (x) by a quadratic func-
tionand the constraintsg(x) by linear functions. The SQP method at-
tempts to imitate the Newton’s method, which is known to converge
to the optimal solution in the least number of steps for quadratic
problems.® In expression (10) x is an n vector of optimization pa-
rameters. A more detailed description of the SQP method can be
foundin Refs. 35-37. The Optimization Toolbox of the MATLAB™
software’’ is used in the present investigation for implementing the
sequential quadratic programming algorithm.

An interesting aspect of the single-objective conflict resolution
method using the SQP algorithm is that the sensitivity of the
cost function and constraints with respect to individual trajectory
parameters can be readily computed using the gradient of the cost

function, the Hessian matrix, and the Jacobian matrix of the con-
straints. These sensitivities can be then used by individual air-
craft to further negotiate changes to their path. For instance, large-
trajectory changes can be made in regions of low-cost/constraint
sensitivity, whereas trajectory perturbations must be limited in the
high-sensitivity regions. Such information can be valuable for the
practical implementation of the conflict resolution method.

Numerical results using the single-objective formulation of the
conflict resolution problem will be given in Sec. III.C. An alternate
formulation of the conflict resolution problem is discussed in the
following section.

B. Conflict Resolution as a Multiple-Objective
Optimization Problem

The single-objectiveformulation of the conflict resolution prob-
lem is difficult to justify in the free-flight environment because in-
dividual aircraft involved in the maneuvers may not be interested in
optimizing a single performance index. For instance, some of the
aircraft may place larger emphasis on flight time than fuel, whereas
other aircraft may be interested in minimizing fuel consumption.
Multiple-objectiveoptimizationmethods allow the use of more than
one cost function and are perhaps more realistic in representing the
true nature of the multiaircraftconflictresolutionproblem. Note that
the multiple-objective formulation automatically allows the simul-
taneous inclusion of cooperating and competing objectives if any
are presentin the problem.

The cost function in the multiobjective conflict resolution prob-
lem is a vector. Several algorithms have been reported in the litera-
ture for the solution of multiple-objectiveoptimization problems 2°
Multiple-objective optimization problems seek a set of noninferior
points as their solution. Noninferiority implies that any further im-
provement in one objective would result in a degradationin another
objective. Thus, all points in the solution set minimize the perfor-
mance objectives to the maximum possible extent. The technique
selected for use in the presentresearchis the goal attainmentmethod
discussedin Refs. 26,27, and 37. Here, the objectives and the con-
straints are all represented as goals to be satisfied, and the degree to
which these goalsare met is adjustedusing weighting functions. The
goal attainmentformulationallows the impositionof both inequality
and equality constraints.

Mathematically, the goal attainment method can be stated as

minimizey, where f(x) —wy < f* (1)

Note that f(x) is a vector that includes the cost functions and the
constraints. The goals are containedin the vectorf*, and the weights
are in the vectorw. The scalar y is a measure of how far away a solu-
tion point is from the goals. Thus, the term wy can be consideredas
the slacknessin the problem. Individual weights capture the fact that
in many design problems, a goal need not be met exactly and one is
more interested in arriving at an optimal tradeoff between conflict-
ing objectives. The weighting vector defines the direction from the
goal point to the feasible region. As y is varied, the feasible region
changes size, until the constraintboundaries converge to a solution
point. One of the advantages of the goal attainment formulation is
that it can be solved as an SQP problem. As in the case of single-
objective conflict resolution discussed in the preceding section, the
Optimization Toolbox of MATLAB is used to implement the goal
attainment method.

Conflict resolution trajectories involving two, three, four, and six
aircrafthavebeen generatedusing the goal attainmentmethod. Some
of these will be illustrated in Sec. II1.C.

C. Conflict Resolution Results

The conflict resolutionmethods developedin Secs. III. A and II1.B
are evaluated in a sample conflict scenario in this section. The re-
sults for single-objectiveand multiple-objectiveformulationscorre-
sponding a six-aircraftconflict will be given here. Models are based
on data from Refs. 28 and 38.

This conflict scenario is generated by including six merging
aircraft, five of them flying at 30,000 ft and the sixth aircraft merg-
ing from 32,000 ft altitude. Such a conflict can arise during merg-
ing operations near an air traffic control center. The initial aircraft
speeds are: V; =780 ft/s, V, =733 ft/s, V3 =548 ft/s, V, =708 ft/s,
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Fig.2 Nominal trajectories for six-aircraft conflict resolution.

Vs =586 ft/s, and Vg =490 ft/s. The aircraft parameters used in
this conflict scenario are: mass= 185,000 1bm, drag coefficient
Cp=0.05, and wing area S = 1700 ft>.

Fuel consumption rate is assumed be a quadratic function
of airspeed, with the constant of proportionality being 0.3 x
107% 1bm-s/ft*. The performance constraints imposed on the con-
flict resolution problem are: 340 ft/s < airspeed < 900 ft/s; 0.9 g <
load factor < 1.1 g; 1000 Ibf < thrust < 48,000 1bf; 20,000 ft < alti-
tude < 40,000 ft; and —3000 ft/min < rate of climb < 1000 ft/min.

The arrival order at the end of the maneuvers is assumed to be
specified. Nominal trajectories for the aircraft are givenin Fig. 2. It
may be observedfrom the interaircraftdistance plot that the conflicts
between aircraft occur right from the beginning, and by 300 s, every
aircraftis in conflict with the rest. Note that the conflict resolution
strategies are far from obvious in this situation.

Conflictresolutionusing the single-objectiveformulationis given
in Fig. 3. The sum of the squares of the deviations from the nominal
trajectories is used as the performance index in these optimization
runs. Note that the methodology has modified each aircraft trajec-
tory sufficiently to completely resolve the conflicts. Trajectory cor-
rections have been introduced in both the vertical plane and the
horizontal plane. Conflict resolution using the multiple-objective
formulationis shownin Fig. 4. Althoughitis ratherdifficult to gauge
the differences between the two approaches, an analysis of the sen-
sitivities of the trajectories with respect to the constraintsshows that
the multiobjective formulation results in a more robust solution.

One problem with theseresultsis that some aircraftare required to
make significant changes in altitude or several climbs and descents
which, for practical reasons, are undesirable. There are several
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Fig.3 Single-objective conflict resolution for the six-aircraft geometry.

possible ways to control this behavior: tighten the constraints on
rate of climb, introduce more constraintson acceleration,or perhaps
simply scale the altitude to make it more influential on the cost func-
tion. Note, though, that the theoretically optimal maneuverinvolves
altitude changes, even with fuel consumptionincluded in the cost.

It should be noted that there is no guarantee that a solution ex-
ists with these methods, although the methods never failed in any
of the many cases tested. Because the problem is nonlinear and a
gradient-based search is employed for finding optimal trajectories,
it is impossible to ascertain the nature of the minimum obtained.
As a practical matter, however, the question of local optimality vs
global optimality has relatively minor significance, as long as the
converged solution is conflict free.

IV. Closed-Loop Guidance Law
for Conflict Resolution

The preceding section discussed iterative techniques for conflict
resolution.The conflictresolutionproblemis formulatedasa closed-
loop guidance problemin this section. A guidance law is developed
based on the assumption that the nominal paths are the desirable
paths and that any perturbation from these paths should only be
made to achieve conflict resolution. The guidance law derivation for
two aircraft will be illustrated. Generalization to multiple aircraft
conflicts is a future research item. From a guidance law derivation
point of view, the aircraftinvolved in a potential conflict can act in
the following three fashions.

1) All aircraft involved in the potential conflict cooperate with
each other for resolving the conflict. This would be the case when



MENON, SWERIDUK, AND SRIDHAR 207

Ground Path

Cross range (nm)

-40 -20 0 20 40 60 80 100
Down range (nm)

Altitude vs. Time

40 : ; ! ;

F T RN |

™

+

@

o

33 . i

[} -0 alc#l

° -X alc#2

£ -+ alc#3

Z DB NG T alc#4
--0 a/c#5
--X a/c#6

20 i i i \
0 200 400 600 800 1000
Time (sec)
Inter-Aircraft Distance vs. Time
25 T T T
Yo-or2  -xr3 -+r4 -*r15 - -0 116
200F M. X234 124 7250 10 126 1x 134

1+ 135 -0 r45.  -x r46 | -+ 56

rij (x10e+3 ft})

0 200 400 600 800 1000

Time (s)
Fig.4 Multiple-objective conflict resolution for the six-aircraft geom-
etry.

every aircraftis aware of every other aircraft in the vicinity, no air-
craft has any priority over other aircraft, and all aircraft have com-
parable maneuverability. The resulting conflict resolution process
will be termed here as cooperative conflict resolution.

2) Some aircraft involved in the potential conflict continue to fly
nominal paths, while others take on the responsibility for resolving
the conflicts. This situation can arise because of three distinct rea-
sons. First, some of the aircraft may be significantly be more agile
than other aircraft. In this case, the agile aircraft may be able to
resolve conflicts much faster and more efficiently than nonagile air-
craft. The second mechanism for such a scenariois when the aircraft
are assigneda priority ordering,such thatcertain aircraftare allowed
to stay on their nominal trajectories, while the others are made re-
sponsiblefor conflictresolution. The third situation where this might
occur is when some of the aircraft are not aware of other aircraftin
the vicinity and, hence, continue on their nominal paths, while the
remaining aircrafthave to take responsibility for conflict resolution.
These scenarioscan be termed as noncooperativeconflictresolution.

3) The third operational mode corresponds to the case of some
of the aircraftin the airspace maneuver in such a way as to increase
the potential for conflict. This situation may arise whenever some
of the aircraft are not aware of other aircraftin the vicinity and may
maneuver in such a way as to increase the conflicts. Alternatively,
to guarantee conflict resolution under the worst case, each properly
equipped aircraft in the vicinity may decide to maneuver under the
assumption that the unequipped aircraft in the vicinity may alter
their trajectoriesin such a way as to cause conflicts. This case will be
termed here as adversarial or competitive conflict resolution. Note

this conflict scenario has a solution only if the conflict-resolving
aircraft have superior data gathering and maneuvering capabilities
when compared with the apparently adversarial aircraft.
Characterizing the conflict resolution problem in terms of these
categories serves to capture the degree of optimism of the aircraft
involved in a given conflict scenario. Thus, the first mode corre-
sponds to a fully optimistic conflict resolution process, whereas the
second is more neutral. The third formalism is pessimistic and will
lead to highly conservative conflict resolution maneuvers.
Guidance law development will assume that each aircraft in the
airspace has selected a nominal waypoint sequence based on some
other criteria. The criteria for nominal trajectory selection may in-
clude the minimization of flight time and fuel consumptionto reach
a selected set of final conditions while satisfying aircraft and en-
vironmental constraints. They may also be based on prevailing at-
mospheric conditions and the need for coordinatingoperations with
other aircraft in the air transportation system. Conflict resolution
guidance law introduces perturbations on these nominal waypoints
to resolve the conflicts. Conflict resolution perturbations can be
introduced in several different ways. For instance, the trajectory
perturbations can be based on a set of rules capturing the maneu-
vering strategiesin every given conflict situation. Alternatively,one
may cast the trajectory perturbation problem as an optimal control
problem'® that minimizes the deviations from the nominal trajecto-
ries while achieving conflict resolution. In this framework, penalties
can be placed on the magnitudes of acceleration, velocity, and posi-
tion components. This approachis followed in the present research.
To formulate the conflict resolution problem in this manner, per-
turbations in each aircraft trajectory are first expressed as

5Z1 =2 _21 (12)
82, =2,—2, (13)

Sx; = x; — Xy, 8y =y1 — Vi,

8xy = x5 — Xy, 8y> = y2 — Yo,

where an overbar denotes the nominal value. Differentiating the
expressions (12) and (13) twice with respect to time leads to the
perturbed equations of motion

5)’61:.561_)?1:”1, (S)’C‘z:.jf‘z_.fz U,

5)'51=)'51—§1=U1, 5552=552—§2=U2 (14)

521:21_21:11)1, 522:22_22:11)2

where u, u,, vy, vz, wy, and w, are the perturbationsin the aircraft
acceleration components along the down-range, cross-range, and
vertical directions. These quantities can be related to perturbations
in actual control variables of the aircraft using the expressions de-
rived in Sec. II. The reference values of the velocity and position
components along the nominal trajectory can be determined using
the given waypoint sequence.

Deviations from nominal trajectory can be characterizedin terms
of the Euclidean norm of the velocity and position perturbations.
The positionperturbationsare notincludedin the performanceindex
used in the present research. Thus, a performance index of the form

1 [
min = / I:ozf (8x12 +38y7 + 52%)
0

uy,uz,vq,02,wy,w2 2

. . . 1
+od (813 4697 +823) + F(u% + o} +w?)
1
1
+P(u§+v§+w§)i|dt (15)
2

is used for the conflict resolution problem. Weighting factors o,
B1, @z, and B, can be used to adjust the relative importance of
velocity and acceleration perturbations. They can also be used to
cast the problem as a cooperative, noncooperative, or adversarial
conflict resolution problem. For instance, using equal weights for
both aircraft will result in cooperative conflict resolution, whereas
using very large weights for one of the aircraft will produce the
noncooperative conflict resolution solution. Changing the signs of
the terms for one of the aircraft in the performance index will pro-
duce the adversarial conflict resolution solution. For the sake of
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illuminating the guidance law development, the present research
will employ equal weighting factors for both aircraft.

Because the conflict resolution perturbations must begin and end
on the nominal trajectories, they must satisfy the boundary condi-
tions

dxy(f) = 8%, (fy) = 8x2(fy) = 8x2(tg) = 0 16

The minimum interaircraft distance requirement between the two
aircraft at the time of conflict can be expressed as an interior-point
equality constraint of the form

(X1 + 8x1 — X — 8x2)2 + (F1 + 8y1 — J2 — 83)°
+(Z) +821 — 2, — 822)* — (X] — %)* — () — ¥)?
— G =)l = R, an
or
(8x1 — 8x2)” + (8y1 — 8y2)* + (821 — 822)°
+2(X) — %) (8x1 — 8x,) +2(F — 3,) 8y — 8y2)
+2(Z) — )8z, — 82)l,—,. = R2, (18)

A conflict is assumed to occur at time 7., and R, is the desired
additional separation distance between the two aircraft at the point
of closest approach. It is assumed that 0 <7, <7,. In the case of
n conflicting aircraft, the optimal trajectories will have to satisfy
n(n — 1)/2 constraints of this form.

Additionally, to ensure that the separation between the aircraft
does not decrease after 7., the relative velocity along the direction
of minimum separation will be required to be zero, giving the addi-
tional interior-pointconstraint

(8x) — 8x2)(8x) — 8X5) + (8y; — 6y2)(8y, — 8y,)
+ (821 — 822) (821 — 822) + (X — X2)(8x1 — 8x7)
+ (X, — B2)(8%) — 8%5) + (F) — ¥,)(8y1 — 8y2)
+ (1 — F)6Y1 — 83) + (21 — 22) (671 — 622)
+(Z1 —22)(82) — 822) 1=, =0 (19)

In the interest of maintaining simplicity, for this initial study, the
conflict envelope has been assumed to spherical. The guidance law
derivation along one of the coordinate axes will be illustrated in the
following.

A. Conflict Resolution Guidance Law in
the Down-Range Direction

To limit the complexity of the derivations in this initial research,
it will be assumed that the conflict resolution problem can be solved
independently along each coordinate direction by generating the
identical amounts of separation along each axis. For instance, a
performance index of the form

1 [ 1
min = (6} +6x3) + — (ul +ud) |t (20)
up,u2 2 0 ﬂz

isusedin the down-rangedirection. Similar performanceindices can
be used along the cross-range and altitude directions. The interior-
point equality constraints are then expressed as

[Gx —6x2)* +2(F — B)(@Bxy —x)]| _ =r2, @D

t=1t min
[(Bx1 — 8x2) (81 — 8a) + (X1 — £2)(Bx; — 6x5)

+(F - %)k — 88| =0 22)

t=tc

where r;, is the additional separation that needs to be generated
along the down-range direction. Note that the second interior-point
constraint further simplifies to (§x; — 8x,) =0 if (x; — X,) =0 at
t=t.

Optimal control problems with interior-point constraints can be
treated as two distinct optimal control problems. The first one is
defined in the interval [0, #.] with the interior-point constraints as
the terminal conditions, whereas the second optimal control problem
is defined in the interval [7., 7 /] with interior point constraintsas the
initial conditions.

The optimal control problem is solved as follows. Using the per-
formance index (20), define the variational Hamiltonian'® as

H = 4[(817 + 843) + 1/ (u] +u3) ]
F Aty + Aolty + A38X; + AybX, (23)

The Euler-Lagrange equations are of the form
A3 =0, u;

).»1 = —8x1 — )\3, _ﬂz)\l (24)

).»2 = —5X2 - )\4, }»4 = O, U, = —ﬂz)nz (25)

The first two sets of costate equations and optimality conditionscan
be solved in closed-formas

)\.1 :aleﬁt"_bleiﬁt, u, = _ﬂz(aleﬁt"_bleiﬁt) (26)

Ay = are’ + bye P, U,

-B (azeﬁ’ + bze*ﬁ’) 27

where ay, by, a,, and b, are the arbitrary constants in the solution.
The expressionsfor optimal control are next substitutedin the equa-
tions of motion (14) and integrated to yield

5).C1 =C —ﬂ(aleﬁ’ — ble’ﬁ’)
(28)
8% =c, — ﬂ(azeﬁ’ - bze*ﬁ’)

§x,=d, + ¢t — (aleﬁ’ + ble*ﬁ’)
(29)
8x, = dy + ¢yt — (azeﬁ’ + bze’ﬁ’)

wherecy, ¢, dy, and d, are arbitrary constantsin the solution. Using
these expressions in Egs. (24) and (25), the costates A3 and A4 can
be found to be
A3 = —cy, Ay = —C (30)

The arbitrary constants a;, by, ¢y, dy, az, by, ¢5, and d, can be eval-
uated using the given boundary conditions.

The solution on the interval [7., 7] will be discussed first because
it is easier to solve. Applying the boundary conditions at 7. and 7,
yields the expressions

_ 8x(ty) — 81 (1)
B

a (1 — ePl *")) —b (1 — e PUs *")) 3D

8x,(ty) — 8Xo (2,
az(l_eﬁ(t/*t())_bz(l_e*ﬁ(tfft()): X5 ( f)ﬂ X, () (32)

a (148G — 1) ="~ b [1 = Bty — 1) —e P 7]

= 8x(tp) — 8xy(t.) — [ty — 116, (2.) (33)

ar[1+ Bty — 1) — P =] +by[1 — Bty — 1) — e PU~]
= 8x,5(tp) — 8x5(8.) — [ty — 1.18%,(2.) (34)

¢y = 8x1(t) + Blar — by), dy = 8x(t)) + (a, + b)) (35)

€2 = 8x%2(1.) + Blax — by), dy = 8x3(t) + (@2 + by)  (36)
These expressions can be solved to obtain the trajectory perturba-
tions required to restore the aircraft to the nominal trajectories after
conflict resolution.

Now the solutionon the interval [0, #.] will be derived. To handle
the state-constrained optimal control problem between the initial
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time and the point of closestapproach,define a final-time constraint,
using Egs. (21) and (22), as

D(1) = [ (Bx1 = 6x,)7 4 2(% — £2) (6% — 832l — ]
2 [(Bx1 = 8x2) (8 — ) + () — X2)(8x1 — 8x2)

+(F — B)(E31 — 852y, ] (37)

where u; and u, are two undetermined constants. Condition (22)
imposes constraints on the value of the costates at t =17, as

M) = [ (8x1 — 8x2) + (F1 — X), = | (38)
Aot = —pa (Bx; = 8x2) + (B — B),—. | (39)

implying A;(f.) = —A,(t.). From Egs. (26) and (27), this leads to
the result

(a1 + ay)e? = —(b) + by)eP" (40)
Similarly,

Mt = i [2(8x1 — 8x5) +2(F — B)li—y, |
+ o[ (8%, — 82) + (F1 — X2)li—, | (41)
i) = = [208%) — 8x5) 4+ 2(%) — %)l — ]

—Mz[((sxl — 83 + (%, _);CZ)lt:t(] (42)

which implies A3(f.) = —X4(t.). This relationship, together with
Eq. (30), gives the values of ¢, and c,. Substituting for these quan-
tities in Eq. (28) with # =0 gives

—3%,(0) — 6x,(0)

(@ +a) — (b +by) = B (43)
Equations (43) and (40) can be used to obtain
8%, (0) + 8x,(0
by + b)) = Lﬂ‘()
B(1 + e~2p1c)
(44)
8%2(0) + 81 (0) | o,
(a1 +a2) Z—[W}e 2
The terminal constraints yield the following relationships:
(6x1 = 8x2) |1y, = —(X) — %) £/ (B — )2 + 1%, - (45)
(8% — dx2)li =,
- - fz)[—(fl — X))/ —X0)?+ riin]
= (46)

/G — %) + 12 .

From the closed-form solutions in Egs. (28) and (29),

8x; — 8x))|—y. =1 — 3 — Blay — ay)e’’ + B, — by)e P
47)
Bx) = 6x2)|i=r =dy —dr + (c) — )L,

—(ay — ay)e’™ — (b; — by)e " (48)

Next, substitutingfor the arbitrary constantsin terms of the boundary
conditions,

(8x; —8x2)|;—¢. = [6%1(0) — 8x,(0)] + (@) — @) B[1 — ePie]
— (by — by)B[1 — e ] (49)
(8x) = 8x3) |1 =4, = [6x1(0) — 8x,(0)] + [6x, (0) — 8%, (0)]2,

+ (@ —ay)[1 4 Bt. — ] + (b, — b)[1 — pt. —e ] (50)

These two equations can be solved for (a; —a,) and (b; — b,).
They can then be combined with the expressions for (a; + a,) and
(b, + by)toyield the arbitrary constantsa, , b, , a,, and b,. These can
then be used to determine the remaining constants in the problem
¢y, d,, ¢, and d,.

This completes the computation of the perturbations required to
resolve conflicts. These perturbations can be added to the nominal
paths to yield the conflict resolved trajectories. Note that the pertur-
bation equations are solved from the current time to the final time
in every guidance interval. These perturbationscorrect the nominal
waypoints to form the new waypoint sequence. Note that a simple
addition of the perturbationsto the nominal may not always resolve
the conflict. In highly nonlinear geometries, the conflict resolution
computations will have to be repeated several times to generate
conflict-free waypoint sequences. In these cases, it is beneficial to
multiply the perturbations by an attenuating factor before adding
to the nominal trajectories. The resulting algorithm will turn out
to be the neighboring extremal technique.!®* The conflict resolu-
tion algorithm is next evaluated for a set of conflict scenarios in-
volving two aircraft. These simulation results are given in the next
subsection.

B. Guidance Law Simulation Results

A two-aircraftconflict scenariois chosen to demonstrate the guid-
ance law performance. In all cases, the weighting factor § is cho-
sen to be 1073, The conflict resolution case considered is that of
two aircraft with crossing trajectories. Figure 5 shows the down-
range vs cross-range trajectories, altitude profiles and interaircraft
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Fig. 5 Conflict resolution trajectories using the neighboring extremal
guidance law: crossing trajectories.



210 MENON, SWERIDUK, AND SRIDHAR

distances before and after the conflict resolution maneuvers. The
trajectories before conflict resolution are denoted by dashed lines,
and the trajectories after conflict resolution are denoted by solid
lines. Because cooperative conflict resolution is assumed, both air-
craft perform conflict resolution maneuvers, as can be observed in
the down-range vs cross-range plot. Because of the assumption that
equal amounts of conflict resolution maneuvers will be made in the
down-range, cross-range, and altitude directions, the aircraft also
perform maneuvers in the vertical plane. It can be observed from
the interaircraft distance shown in Fig. 5 that each aircraft has ad-
justed its trajectory to resolve the conflict.

In the present example, the guidance problem was solved as a
neighboring extremal problem. In this formulation, the trajectory
perturbations generated by the guidance law are attenuated before
being added to the nominal trajectories. The updated nominal tra-
jectory is then used to compute the conflict resolution trajectory
perturbations. Iterative computations are continued until the con-
flict is resolved. In the present case, an attenuation factor of 0.2 is
used, and the solution converged in three iterations.

The simulation results presented in this subsection illustrate the
performance capabilities of the conflict resolution guidance law.
In each case, the guidance law resolved the conflicts using mod-
est control magnitudes. As indicated elsewhere in this section, the
guidance law can be extended to include multiple aircraft execut-
ing widely differentnominal trajectories. Moreover, inequality con-
straints can be imposed on the control magnitudes to improve the
implementability of the present guidance laws. The ride quality of
these conflict resolution guidance laws can be further improved by
introducingcontrolrate limits. This will produce smooth control set-
tings, resulting in nearly jerk-free trajectories. Finally, the present
formulation can be extended to the spherical Earth case. The kine-
matic trajectory models of the form given in Ref. 4 can be readily
adapted for this purpose.

The derivations presented in this section, together with the sim-
ulation results, amply demonstrate the feasibility of developing on-
board implementable guidance laws for conflict resolution in free
flight.

V. Conclusions

This paper documented the results of a research study that ex-
amined development of advanced algorithms for air traffic conflict
resolution. The research was motivated by the free-flight concept
currently being considered for implementation as a part of the na-
tional air traffic control system. Because different aircraft in the
airspace may have conflicting objectives, the desired trajectories
chosen by individual aircraft can produce conflicts with other air-
craft trajectories. Whereas conflict resolution strategies are obvious
underlow-speed,low-traffic-density conditions,the problemcan be-
come complex as the traffic density and the aircraft speeds increase.

The conflict resolution problem was formulated and solved as
a multiparticipant optimal control problem. The problem was for-
mulated under the assumption that the objective of each aircraft
involvedin a potential conflict is to optimize its performance while
maintaining adequate separation between other aircraftin the vicin-
ity. Point-mass aircraft models and oblate spheroidal conflict en-
velopes were used. The modelsincludedthrust, load factor,and bank
angle as the control variables. Inequality constraints were imposed
on the aircraft altitude, climb/descent rate, airspeed, and control
magnitudes.

Two distinct approaches for solving the conflict resolution prob-
lem were advanced. In the first approach, the aircraft trajectories
were approximated using piecewise-linear paths to convert the tra-
jectory optimization problems into parameter optimization prob-
lems. Parameterized conflict resolution problems were solved using
asingle-objectiveSQP method, and a multiple-objectivegoal attain-
ment method. Conflict resolution involving six aircraft was demon-
strated. In the second approach, the aircraftequationsof motion were
linearized about the nominal trajectories, and a state-constrained
trajectory optimization problem was formulated. This problem was
then solved in closed-formto synthesize a conflict resolution guid-
ance law. Performance of the guidance law was demonstrated for
crossing aircraft.
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